l Introduction. In his memoir [l] On the Walsh functions, N. J. Fine utilized the algebraic character of the Walsh functions by interpreting them as the group characters of the group of all infinite sequences of O's and l's, the group operation being addition mod 2 of corresponding elements. In this note, we investigate some properties of real orthogonal systems which are multiplicatively closed. We show that any infinite system of the stated type is isomorphic with the group of the Walsh functions. Furthermore, under hypotheses stated in Theorem 3, there is a measurable transformation of the interval 0 ^ x < 1 into itself, which carries the Walsh functions into the given system of functions.
As is well known, the Walsh functions are linear combinations of the Haar functions. B. R. Gelbaum [2] gave a characterization of the latter functions in which the norm of certain projection operators and the linear closure in L of the set of functions played an essential role. Although the characteristic features of the Walsh functions are, aside from orthogonality, totally distinct from those for the Haar functions, there is some similarity of proof technique in establishing the characterization.
For the sake of completeness, we define the Rademacher functions {φ n {x)\ as follows:
The Walsh functions, as ordered by Paley [3] , are then given by Throughout we denote the Lebesgue measure of a set E by μ(E). Equalities of functions are in the sense of almost everywhere equalities, and considerations of sets should be interpreted "modulo sets of measure zero".
2. Algebraic correspondence. Let us consider any sequence {An(x)} of functions satisfying the following conditions:
λ n {x) is measurable, real valued, and
( 2.3) The sequence \λ n (x)} is closed under multiplication.
THEOREM 1. Any system of functions satisfying (2.1)-(2.3) is a commutative multiplicative group.
Proof. Associativity and commutativity are immediate. Let i f j be given nonnegative integers, and let k 9 m, and n be defined by the formulas Thus the set \λ n (x)\ possesses a multiplicative unit; and since A?(%) = 1 for all i, the set iβ a group. 
By virtue of (2.3), each v n (x) is a λj{x) Also each λj(x) is a v n (x), by the method of construction, and the representation is easily seen to be unique.
Thus the sequence \v n {x)\ is a rearrangement of the sequence \\ n (x)\ The isomorphism between the groups Λ and Ψ is now evident upon pairing v n (x) and
We have incidentally established the result that any denumerable group all of whose elements satisfy a 2 = 1 is isomorphic to Ψ.
3. Analytic transformation. We introduce the terminology that the subscripts
is a product of the remaining λj (%).
In the proof of Theorem 1, we incidentally established the result that λ n (x) takes on only the values + 1. Let 
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Whenever defined, the transformation is one-to-one except possibly on the inverse image set of the nonzero dyadic rationale where it is exactly two-to-one.
By virtue of Theorem 2, all we need do to establish (ii) is to show that 
